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Noether’s Theorem

Symmetry «— Conserved Quantity
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Noether’s Theorem

Symmetry «—

Gauge Symmetry

u()
SU(3)

Conserved Quantity

Charge

Electric charge

Color charge
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Electric Charge
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Electric Charge
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Noether’s Theorem
Electric Charge

Charge-current density j* = j° +].
Total charge Q = [ j°d®x.
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Noether’s Theorem
Electric Charge

Charge-current density j* = j° +].
Total charge Q = [ j°d®x.

Noether Theorem: 9,j* = O.
dA —
+Q=0.
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Color Charge
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Noether’s Theorem
Color Charge

Current for color charge?
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Noether’s Theorem
Color Charge

Current for color charge?
conservation of red
conservation of blue

conservation of green
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Currents

e ElectricCharge 9" =0
e Color Charge 9" =0
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Currents

e ElectricCharge 9" =0
e Color Charge 9" =0

Question: How does J relate to red, blue,
and green?
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Claims

e Noether’s theorem does not show conservation
of red, blue, and green.
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Claims

e Noether’s theorem does not show conservation
of red, blue, and green.

e Noether’s theorem does show conservation of
a relational quantity of combinations of color
and anti-color.
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Outline

1. Scalar Electrodynamics

2. Scalar Chromodynamics

3. Group Representations

4. What is Charge?
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Outline

1. Scalar Electrodynamics
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Scalar Electrodynamics
charged scalar field

Le = D,¢(D"¢)* —meg™
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Scalar Electrodynamics
charged scalar field

Le = D,¢(D"¢)* —meg™

® ¢ is a matter field

e D,=9,+igA,
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Scalar Electrodynamics
Noether’s Theorem

Le = D,¢(D"¢)* —meg™

j=ia(¢*D"¢— ¢(D"¢)*)
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Scalar Electrodynamics
Noether’s Theorem

j# =ia(¢p*D ¢ —p(D"9)™)
Q= / d*xj°.
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Scalar Electrodynamics
Noether’s Theorem

j*=lia(¢*D"¢— ¢(D"¢)™)

Q= / d*xj°.

Q gives total amount of electric charge.
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Scalar Electrodynamics
Interactions

Le = D,¢(D"¢)* —meg™
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Scalar Electrodynamics
Interactions

Le = D,¢(D"¢)* —meg™

D,¢(D )" = —igA (¢™ a9 + 93" 9™)
— q°ALPA D™ + 3,0t ",
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Scalar Electrodynamics
Interactions
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Outline

2. Scalar Chromodynamics
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Color Charge

charged scalar field

Lc = D,¢i(D"¢;) " — m¢i¢,.*

e ¢; matter field

- Iisforred, blue, or green
- first fundamental representation of SU(3)
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Color Charge
charged scalar field

Lc = D,¢i(D"¢;) " — m¢i¢,.*

e ¢; matter field

- Iisforred, blue, or green

- first fundamental representation of SU(3)
eD,=9,+ igAH

- ais for Lie algebra

- adjoint representation of SU(3)
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Color Charge

charged scalar field

Lc = D,¢i(DH9i) ™ — m¢i¢,.*

H=ig(¢" D"¢i— ¢i(D"$1) ™)
= ig(¢,.* (o, + iSAH)¢i — ¢i(9,— "SAH)¢,-*)
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Group Representations

e Group representations hardwired into
the expressions for the current

e Current transforms according to the
adjoint representation
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Outline

3. Group Representations
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Groups
Representations

e Abstractly: (G, ).

e Lie groups have lie algebras.
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Groups
Representations

e Abstractly: (G, ).

e Lie groups have lie algebras.

e Concretely: representations.

e Arepresentation p : G — GL(V).

e The dimension of p is the dimension of V.
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Representations of SU(N)

For SU(N), there are N — 1 many fundamental
representations.
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Representations of SU(N)

For SU(N), there are N — 1 many fundamental
representations.

For SU(3) two fundamental representations: color
and anti-color
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Representations of SU(3)

The Fundamental Reps

1 o) 0]
r=|0]|, b=|1], g=|0
0 o) 1

These define a basis for C3.
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Representations of SU(3)

A basis for the Lie algebra:
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Cartan Subalgebra

100 10 0

AM=]0 140 M=L1]lo1 o
73

00O 0 0 —2

Distinguish representations of SU(3) by the subalgebra’s
eigenvalues, called weights.
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Representations of SU(3)
The Fundamental Reps

1 0 0\ /o 0
NOEIEEEIIREEIR
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Representations of SU(3)
The Fundamental Reps

1 0 o\ /o 0
NOEIEEEIIREEIR
o0 o0 o/ \o 0
(1 0 o\ 0 0
Aa(b)=% 01 0 (1 =1
\o 0 —2/ \o 0

We say that the weight of b is (—1, %).

27/51



Representations of SU(3)

The Fundamental Reps
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Representations of SU(3)
The Fundamental Reps

For anti-colors we set:

0 0 1
r=|0f, b=—|1], g=]0
1 0 0

The representation on this space is p(g) = —p(g)"
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Representations of SU(3)

The Fundamental Reps

Ag
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Representations of SU(3)

The Fundamental Reps

Mg
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We distinguish between inequivalent
representations using this weight space.
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Representations of SU(3)

Lc = D,¢i(D"¢;) " — m¢i¢,.*

° fundamental representation

° adjoint representation
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Representations of SU(3)

e Arepresentationp : G — GL(V)

e We call V the “carrier space.”

The adjoint representation: V is the Lie algebra.
The action pg; is conjugation: pa4(g)(v) = gvg™.
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Adjoint Representation
SuU(3)

- O O O O o o o

O O 0O o oo -0

O O O O O O o -
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The Adjoint Representation
Ag

%

S0

N
N\

o )\

36/51



Representations of SU(3)

Mg "
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The Adjoint Representation

e The weights correspond to basis vectors of V
e The carrier space V is the Lie algebra

e So: any element of Lie algebra can be written in
this basis
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Interpretation

Lie algebra valued quantities are combinations of
color and anti-color.
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Color Charge

charged scalar field

Lc = Du¢i(D"¢))™ — mgig*

M =ig(¢; D ¢i — ¢i(D*9:) ™)
= ig(¢,-* (au + igAu)d)i - ¢i(au - igAu)‘pi*)
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Noether’s Theorem
Color Charge

Given SU(3) gauge symmetry, Noether’s thoerem
give us

o, = 0.

The conserved quantity is a combination of color

and anti-color.
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Outline

4. What is Charge?
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Color Charge and Electric Charge

Le = D,¢(D"¢)* —meo™

Lc = Du¢i(D"¢:))" — meigp*
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u(1)

Iw

dh




Representations of U(1)

pn(eie) — einel
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Representations of U(1)

pn(eie) — einel

e Each p, has C as its carrier space.

e The adjoint representation is po.
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Representations of U(1)

pn(eie) — einel

e Each p, has C as its carrier space.
e The adjoint representation is po.
® Po = P—141-

e The Lie algebra is R.
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Charge exchange
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Electric charge
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Conclusions

e Red, blue, and green are not individually
conserved.

e The conserved quantity is a combination of
charge and anti-charge.

e Conservation of charge is relational.
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Thank you!
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SU(3) Adjoint

Three pairs of raising and lowering operators:

Exi0 = (1/2)(A1 £iA;)  red states = blue states.
Eiyoxyio = (172)(As £ixs)  red states = green states.
Ezyo+v52 = (172)(A¢ £ir;)  blue states = green states.
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SU(3) Adjoint

rb
N
rg gr
Y b\
0 gg—rr bb+gg 0
Y LN
bg  —2gr 2bg —gr

PN N\
0 —bF —br 0 —br —bF 0
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Yang-Mills Theory

Lym = _ZFaquauv

JH = —p, FHV
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Charged Gauge Field

1
Lc = Duoi(D"¢i)* — meigp* — ZFaquauv
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Covariant Derivative
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